Abstract. We consider dynamical stability for a modified Ricci flow equation whose stationary solutions include Einstein and Ricci soliton metrics. Our focus is on homogeneous metrics on non-compact manifolds. Following the program of Guenther, Isenberg, and Knopf, we define a class of weighted little Hölder spaces with certain interpolation properties that allow the use of maximal regularity theory and the application of a stability theorem of Simonett. With this, we derive two stability theorems, one for a class of Einstein metrics and one for a class of non-Einstein Ricci solitons. Using linear stability results of Jablonski, Petersen, and the first author, we obtain dynamical stability for many specific Einstein and Ricci soliton metrics on simply connected solvable Lie groups.
Introduction
This paper is motivated by the question of dynamical stability for stationary solutions of (suitably normalized) Ricci flow. That is, given a stationary solution g 0 of Ricci flow and some topology on the space of metrics, does there exist a neighborhood U of g 0 such that all Ricci flow solutions with initial data in U converge to g 0 ? Einstein metrics are examples of stationary solutions, and since the introduction of Ricci flow [12] , many authors have considered the stability of Einstein metrics in a variety of contexts. In the compact case, Ye proved that Einstein metrics with certain curvature pinching properties are stable [30] ; Guenther, Isenberg, and Knopf proved that certain flat and Ricci-flat metrics are stable [10] , and some of these results were improved byŠešum [26] ; using the results ofŠešum, Dai, Wang, and Wei proved that Kähler-Einstein metrics with non-positive scalar curvature are stable [6] ; Knopf and Young proved that hyperbolic space forms are stable [17] . In the context of Ricci coupled with other geometric flows, such as Yang-Mills flow and harmonic map flow, there are various results by Knopf [16] , Young [31] , and the first author [28] .
In the non-compact setting, Schnürer, Schulze, and Simon have proven stability of Euclidean space and real hyperbolic space under a coupled Ricci flow system [24, 25] . Results on the latter space were also obtained by Li and Yin [20] . Bamler has proven stability of symmetric spaces of non-compact types, and also of finitevolume hyperbolic manifolds with cusps [3, 4] . The second author proved that complex hyperbolic space is stable [29] . We should note that these authors use various techniques and obtain stability relative to various topologies on the space of metrics.
Since Ricci solitons are fixed points of Ricci flow, modulo diffeomorphisms, we would like to expand the class of fixed point metrics under consideration to include non-Einstein solitons. Our approach to proving stability follows the program initiated by Guenther, Isenberg, and Knopf in [10] , which has several steps. First, one must find a modified flow equation whose fixed points are those in question. This flow is usually a rescaled version of Ricci flow. Indeed, given λ ∈ R and a vector field X on a fixed manifold M n , we consider the curvature-normalized Ricci flow
This has the feature that a Ricci soliton with (1.2) Ric(g) = λg + 1 2 L X g is a stationary solution. When X is a Killing field (e.g., X = 0), the metric is Einstein.
With a particular fixed point in mind, the next step is to compute the linearization of the flow at this fixed point, and to prove linear stability of the fixed point. After modification by DeTurck diffeomorphisms, the flow (1.1) has linearization (1.3)
where ∆ L h is the Lichnerowicz Laplacian acting on symmetric 2-tensors. Recall that a fixed point is strictly (resp. weakly) linearly stable if there exists some ε > 0 (resp. ε = 0) such that 1 (1.4) (Lh, h) ≤ −ε h 2 for all non-zero symmetric covariant 2-tensors h taken from some appropriate space of tensors. This is equivalent to saying that the operator L has negative (resp. nonpositive) spectrum. Finally, once linear stability has been established, one can obtain dynamical stability by appealing to various theorems from pde theory. The idea of Guenther, Isenberg, and Knopf in [10] was to use the framework of maximal regularity theory as described by Da Prato and Grisvard [5] . With respect to an appropriate sequence of spaces that possess nice interpolation properties, if one can show that the operator on the right hand side of (1.1) satisfies certain analytic properties, then one can apply a theorem of Simonett to obtain dynamical stability [27] . (We note that Simonett's theorem allows for the presence of center manifolds, which occur when one only has weak linear stability; we will not need this.) Since the work in [10] , the methods described here have been used to prove a number of stability results [16, 17, 28, 29, 31] .
The goal of this paper is to use these techniques to study the dynamical stability of certain homogeneous Einstein and Ricci soliton metrics on non-compact manifolds. It turns out that the only non-trivial homogeneous Ricci solitons occur in the non-compact, expanding (λ < 0), and non-gradient (X = ∇f for any f ∈ C ∞ (M )) case; see Section 2 of [18] for a discussion of this fact. Additionally, all known examples of these metrics can be realized as left-invariant metrics on simply connected solvable Lie groups such that
where here Ric is the Ricci (1, 1)-tensor, λ ∈ R, and D is a derivation of the Lie algebra. A metric satisfying this equation is called an algebraic soliton; on nilpotent and solvable Lie groups, such metrics are called nilsolitons and solvsolitons, respectively. It is known that an algebraic soliton is a Ricci soliton (see, e.g., [18] ), and conversely a left-invariant Ricci soliton on a solvable Lie group is isometric to a solvsoliton (on a possibly different Lie group). Finally, a solvable Lie group admitting a non-flat algebraic soliton is diffeomorphic to R n . These last two facts appear in [14] .
The non-compactness of the manifolds in question introduces various analytical challenges to applying the stability techniques described above. For example, in order to have non-compactly supported perturbations of the fixed point metric, we require the spaces of perturbations to be weighted in order to justify integration by parts. Generalizing the weighted little Hölder space construction found in [29] (such spaces are described in Section 3), our result for Einstein metrics allows for quickly-decaying but non-compact perturbations.
) have the following properties:
(a) g is a strictly linearly stable Einstein metric satisfying Ric(g) = λg; (b) (M, g) has infinite injectivity radius; (c) M admits a single coordinate chart in which the Christoffel symbols of g and their partial derivatives ∂ ℓ Γ k ij are bounded by constants C |ℓ| , for |ℓ| = 0, 1, 2. For each ρ ∈ (0, 1), there exists η ∈ (ρ, 1) such that the following is true.
There exists a neighborhood U of g in the h Another analytic issue is the operator on the right hand side of (1.1) (or, more precisely, (2.3)). In the Einstein case the operator is reasonably nice, but in the soliton case it has unbounded first-order coefficients. Indeed, after suitable interpretation (cf. Lemma 4.7), it is an Ornstein-Uhlenbeck operator, and the challenges related to such operators-especially in the non-compact setting-are well-known. To our knowledge, there are no dynamical stability theorems for non-compact Ricci solitons, so our second result-while perhaps non-optimal-provides a step in this direction (cf. [11] ). Moreover, expanding homogeneous solitons are expected to act as singularity models for (at least some) Type-III Ricci flow singularities. This is known to be true in some cases, see [16, 21] . Theorem 1.2 exhibits many more examples of Ricci flow solutions that converge to expanding homogeneous solitons, thus contributing to the understanding of long-time behavior of Ricci flow solutions.
(a) M is a simply connected solvable Lie group; (b) g is a strictly linearly stable algebraic soliton metric satisfying Ric(g) = λ id +D.
For each R > 0, ρ ∈ (0, 1), there exists η ∈ (ρ, 1) such that the following is true. There exists a neighborhood U of g in the h 1+η (B R )-topology (cf. Definition 3.1) such that for all initial datag(0) ∈ U, the unique solutiong(t) of the curvaturenormalized Ricci flow (1.1) exists for all t ≥ 0 and converges exponentially fast in the h 2+ρ (B R )-norm to g.
As previously mentioned, the focus of this paper is on the analytic aspects of dynamical stability-the last step in the outline above. Linear aspects, i.e., proving linear stability, for algebraic solitons on simply connected solvable Lie groups were first described in [11] , where the authors give a detailed analysis of three solitons: Nil 3 , Sol 3 , and Nil 4 . For more examples, we appeal to [15] , where the authors derive various conditions that guarantee linear stability and use them to give many examples of stable metrics (see Theorem 2.1 below). Using this, together with our dynamical stability theorems, we have the following result. (1) every nilsoliton of dimension six or less, and every member of a certain one-parameter family of seven-dimensional nilsolitons; (2) every abelian or two-step nilsoliton; (3) every four-dimensional solvsoliton whose nilradical is the three-dimensional Heisenberg algebra; (4) an open set of solvsolitons whose nilradicals are codimension-one and abelian; (5) every solvable Einstein metric whose nilradical is codimension-one and (a) found in (1) and has dimension greater than one, or (b) a generalized Heisenberg algebra, or (c) a free two-step nilpotent algebra. Furthermore, any non-nilpotent solvsoliton on a Lie algebra s = n ⋊ a satisfying R < −λ and 0 < dim(a) < rank(n) is contained in an open set of stable solvsolitons.
HereR is the action of the Riemann curvature tensor on symmetric 2-tensors, and rank(n) is the dimension of a maximal abelian subalgebra of symmetric derivations of n. See [15] for more details. This paper is organized as follows. In Section 2, we set up notation and define a large class of Riemannian manifolds relevant to our interest, and collect the linear stability results from [15] . In Section 3, we define little Hölder spaces on geodesic balls and suitably weighted little Hölder spaces on complete non-compact manifolds, and prove some embedding and interpolation properties of these spaces. In Section 4, we apply Simonett's stability theorem to prove the dynamical stability for linearly stable Einstein (Theorem 1.1) and Ricci soliton (Theorem 1.2) metrics. For completeness, we include Simonett's stability theorem in the appendix.
Preliminaries
2.1. Notation and convention. We denote by T 2 the vector space of covariant 2-tensor fields over M . We denote by
dimensional vector space of symmetric covariant 2-tensor fields (with compact support, positive-definite, respectively) over M . The regularity of the tensor fields will be either specified or dictated by context. We define Ω 1 to be the space of 1-forms over M .
We denote by g 0 a fixed point of equation (1.1), by L the Lie derivative, by δ = δ g0 : S 2 → Ω 1 the divergence operator (with respect to g 0 ), by δ
the formal L 2 -adjoint of δ, by dµ g0 the volume form of g 0 , and by ♯ : Ω 1 → C ∞ (T M ) the duality isomorphism induced by g 0 . We use ·, · to denote the tensor inner product with respect to g 0 . From this, we define the
ℓ is a multi-index and
2.2. Geometric assumptions. Throughout this paper, (M, g) denotes a complete non-compact n-dimensional Riemannian manifold diffeomorphic to R n (n ≥ 1). We use the expression "A B" to mean A ≤ CB, where C > 0 is a constant that may change from line to line. Let O ∈ M be identified with the origin of the single coordinate chart. We denote by B R ⊂ M the (closed) geodesic ball of radius R centered at O and by V (R) its volume (with distance and volume both computed using g). Lemma 2.2. Suppose (M, g) ∈ A . Then there exist constants τ, C > 0 and a monotonically increasing function
Proof. We observe that (M, g) ∈ A has bounded sectional curvature K g , i.e., there are constants a, b such that a ≤ K g ≤ b. Then by the Bishop volume comparison theorem, V (R) ≤ V a (R) for all R ≥ 0, where V a (R) denotes the volume of a geodesic ball of radius R in the space form of constant sectional curvature a. In particular, a ≤ 0, for otherwise (M, g) would be compact by the Bonnet-Myers theorem. If a = 0, then V 0 (R) R n , and we choose f τ (R) = R n+τ for some τ > 1; if a < 0, then V a (R) e nR , and we choose f τ (R) = e (n+τ )R for some τ > 0. It is then straightforward to verify (2.1) in both cases.
Remark 2.3. When a < 0, the choice of f τ in the proof above is not optimal. For example, V (R) e mR on (CH m , g B ), the complex hyperbolic space (of real dimension 2m) with the Bergman metric (see, for example, [9] ), and so we can choose f τ (R) = e (m+τ )R for some τ > 0.
2.3. Curvature-normalized Ricci flow and linear stability. In this subsection, we recall the construction of the curvature-normalized Ricci flow and describe its linearization. We begin with the unnormalized Ricci flow equation on M ,
In order to analyze Ricci solitons as stationary solitons of Ricci flow, Guenther, Isenberg, and Knopf modify this flow by scaling and diffeomorphisms. Indeed, given λ < 0 and a vector field X, they pull back by the diffeomorphisms generated by 2 λt X and rescale time as − 2 λ log t to obtain the flow
and a soliton satisfying (1.2) with given λ and X is a stationary solution. See Section 3 of [11] for more details.
Recall that the DeTurck trick is a modification of Ricci flow by certain diffeomorphisms. It was introduced as a means of enforcing strict parabolicity of Ricci flow and thereby allowing the proof of short-time existence of solutions by standard parabolic methods [7] . From our perspective, the DeTurck trick also has the advantage of significantly simplifying the linearization of the curvature-normalized Ricci flow. Applying this trick to the curvature-normalized flow, we obtain the curvature-normalized Ricci-DeTurck flow,
where
In particular, if g 0 is a fixed point of (1.1), then g 0 is also a fixed point of (2.3) [10] . Now, for h ∈ S 2 sufficiently differentiable, standard computations (see, e.g., [11] ) show that the linearization of this flow is precisely
where L : S 2 → S 2 is a linear operator and ∆ L is the Lichnerowicz Laplacian. A crucial step in the stability program is to establish the linear stability of a fixed point, i.e., to verify (1.4). For specific algebraic solitons, we appeal to [15] , which shows that about one hundred individual examples and several infinite families of metrics are strictly linearly stable. (1) every nilsoliton of dimension six or less, and every member of a certain one-parameter family of seven-dimensional nilsolitons; (2) every abelian or two-step nilsoliton; (3) every four-dimensional solvsoliton whose nilradical is the three-dimensional Heisenberg algebra; (4) an open set of solvsolitons whose nilradicals are codimension-one and abelian; (5) every solvable Einstein metric whose nilradical is codimension-one and (a) found in (1) and has dimension greater than one, or (b) a generalized Heisenberg algebra, or (c) a free two-step nilpotent algebra. Furthermore, any non-nilpotent solvsoliton on a Lie algebra s = n ⋊ a satisfying R < −λ and 0 < dim(a) < rank(n) is contained in an open set of stable solvsolitons.
All the examples in Theorem 2.1 belong to the class A defined above. Indeed, any non-flat Ricci soliton with a transitive solvable group of isometries is diffeomorphic to R n [14] . Now Theorem 1.3 follows from Theorems 1.1 and 1.2.
Weighted little Hölder spaces
In this section, we recall the definition of little Hölder spaces on compact manifolds and define suitably weighted little Hölder spaces on complete non-compact manifolds. We then prove some embedding and interpolation properties of these spaces.
3.1. Unweighted spaces on geodesic balls. Suppose for now that (M, g 0 ) is any complete non-compact Riemannian manifold and B R a (closed) geodesic ball of radius R (with distance computed using g 0 ). For each R > 0, consider any smooth h ∈ S 2 c (B R ), i.e., h is compactly supported on B R . Fixing a background metricĝ and a finite collection {U υ } 1≤υ≤Υ of coordinate charts covering B R , we denote
where dĝ is the distance function forĝ.
Definition 3.1. For each integer k ≥ 0 and α ∈ (0, 1), the · k+α;BR -norm of h is defined by
The (unweighted) little Hölder space h k+α (B R ) is the closure of smooth symmetric covariant 2-tensor fields with compact support on B R in the · k+α;BR -norm.
Remark 3.2. Note that h ∈ h k+α (B R ) vanishes on the boundary ∂B R , this justifies integration by parts when proving linear stability for perturbations in h k+α (B R ).
Remark 3.3. The compactness of B R implies that different choices of background metrics or coordinate charts give equivalent norms. In particular, when proving dynamical stability of Ricci solitons under compactly supported perturbations, we can work with the coordinate chart given in Lemma 4.6.
3.2.
Weighted spaces on non-compact manifolds. The definition of the Hölder norm of a function (or tensor) on a complete non-compact Riemannian manifold depends on the choice of the atlas and the background metric. We generalize the construction in [29] . Let (M, g 0 ) ∈ A . In application, g 0 will be a fixed point of equation (1.1). By Definition 2.1, we will work in a single coordinate chart. We set the background metric to be g 0 and compute | · |, · , and d using g 0 . Given a smooth h ∈ S 2 over M , for integers k, q ≥ 0, multi-index ℓ, and α ∈ (0, 1), we let , define
Proof. The proof is the same as that of [29, Lemma 4.1].
Remark 3.6. From now on, we shorten some expressions. For integer k ≥ 0, ∇ k (or ∂ k ) means first applying ∇ ℓ (or ∂ ℓ ) and then taking the supremum over |ℓ| = k. We also omit the indices of h, so then we must sum or take the supremum over 1 ≤ i, j ≤ n.
3.3.
Properties of weighted spaces. We denote by W 2 1 the Sobolev space of symmetric covariant 2-tensor fields h over M such that
where ∇ is computed using the background metric g 0 . Denoting by d ֒−→ a continuous and dense embedding, we have the following embedding result. 2 The relevant parameter is τ as fτ is canonically determined by g 0 , cf. the proof of Lemma 2.2. . In the single coordinate chart on (M, g 0 ) ∈ A , ∇h = ∂h + Γ * h, where Γ is uniformly bounded by some constant C. If x ∈ B 2 , then x ∈ A 1 with
, and hence
Then, with B 0 = ∅, we obtain
where the last inequality follows from inequality (2.1). Letting N → ∞, we conclude h ∈ W 2 1 . Proposition 3.7 allows us to integrate by parts, and hence extend the linear stability to perturbations that are not necessarily compactly supported. , 23, 27] . By a standard fact in interpolation theory, e.g., [23, Corollary 1.7] , we have the following lemma.
Lemma 3.9. Fix τ > 0. Let 0 ≤ k ≤ l ≤ 2 be integers, 0 < α ≤ β < 1, and 0 < θ < 1, then there exists a constant C(θ) > 0 depending on θ such that for all
We also have an interpolation result that generalizes [ Consequently, h
Dynamical stability
Let (M, g 0 ) ∈ A , and assume that g 0 is a fixed point of the curvature-normalized Ricci flow (1.1). Then g 0 is also a fixed point of the curvature-normalized RicciDeTurck flow (2.3) with the DeTurck term P g0 (g). If g 0 is linearly stable, then we will show that g 0 is also dynamically stable. 4.1. Dynamical stability of an Einstein metric. When X is a Killing field in equation (2.3), the fixed point g 0 is Einstein. In this subsection, the quantities | · |, · , Γ k ij , and the distance function d are computed using the fixed background metric g 0 , and f τ is given in Lemma 2.2. Our goal is to prove Theorem 1.1.
Fix 0 < σ < ρ < 1 and consider the following sequence of densely embedded spaces:
Then by Theorem 3.1, X α ∼ = h Lemma 4.1. If we express Q g0 (g)g in terms of the first and second derivatives of the Einstein metric g in local coordinates, then
The coefficients a, b, c are analytic functions of their arguments and depend smoothly on x ∈ M .
For a fixedĝ ∈ X β , we can view Q g0 (ĝ) as a linear operator on
In fact, Q g0 (ĝ) is a second order elliptic operator with bounded coefficients. Since the coefficient a depends analytically onĝ, ifĝ is sufficiently close to g 0 in X β , then Q g0 (ĝ) will remain elliptic with bounded coefficients. We call suchĝ an admissible perturbation of g 0 . For 0 < ǫ ≪ 1 to be chosen in Lemma 4.4, we define an open set in X β by G β := {g ∈ X β is an admissible perturbation : g > ǫg 0 }, where "g > ǫg 0 " means g(X, X) > ǫg 0 (X, X) for any tangent vector X. We also define
We denote by Lĝ := Q g0 (ĝ) the unbounded linear operator on X 0 with dense domain D(Lĝ) := X 1 . We extend Lĝ toLĝ, which is now defined on E 0 with dense domain D(Lĝ) := E 1 . If X, Y are two Banach spaces, we denote by L(X, Y ) the space of bounded linear operators from X to Y . (
Proof. The proof is identical to that of [29, Lemma 6 .1].
Definition 4.3. Given a Banach space X, a linear operator A : D(A) ⊂ X → X is called sectorial if there are constants ω ∈ R, β ∈ (π/2, π), and C > 0 such that (1) The resolvent set ρ(A) contains
, for all η ∈ S β,ω . We also have the following lemma.
Lemma 4.4. The operatorL g0 is sectorial, and there exists ǫ > 0 in the definition of G β such that for eachĝ ∈ G α ,Lĝ generates a strongly continuous analytic semigroup on L(E 0 , E 0 ).
Proof. We first claim that the linear operatorsL g0 and L differ by a bounded amount. Indeed, recall that Q(g) is the quasilinear operator on the right hand side of equation (2.3), and Q(g 0 ) = 0 since g 0 is a fixed point. Let g = g 0 +h, where h Xα ≤ 1 andh is assumed to be smooth. Then we have by linearization
and by freezing the coefficients
It follows thatL
which proves the claim. Then the linear stability of L (cf. (1.4) ) implies the spectrum bound Spec(L g0 ) ⊂ (−∞, η 0 ) for some η 0 ∈ R, and hence ηI −L g0 is a topological linear isomorphism from E 1 onto E 0 whenever ℜ(η) ≥ η 0 .
SinceL g0 is a linear second order elliptic operator with bounded coefficients, the standard Schauder estimates forL gB on A N imply that 1/2 and taking the supremum over N ∈ N, we have
Then for every h ∈ E 1 = D(L g0 ), applying the Schauder estimates to the operator ηI −L g0 , we have
where we have used h 4.2. Dynamical stability of an algebraic Ricci soliton. Now we study an algebraic Ricci soliton on a simply connected solvable Lie group, (S, g 0 ), where dim S = n. On the Lie algebra level, this satisfies Ric(g 0 ) = λ id +D for some λ < 0 and D ∈ Der(s). This condition implies the existence of a vector field X 0 such that g 0 is a Ricci soliton in the usual sense (e.g., see Section 2 of [18] ):
We have the following lemma on the growth of the vector field X 0 .
Lemma 4.5. The vector field X 0 associated to an algebraic soliton grows linearly.
Proof. The soliton equation implies that for any vector field
Since the left hand side of the above equation is left-invariant, it suffices to show that the vector field X 0 grows linearly at the identity element e ∈ S. Consider now a geodesic γ := γ(s) : [0, ǫ) → S, γ(0) = e, g 0 (γ,γ) = 1. Then
From this, there must exist at least one directionγ ∈ T e S such that Proof. As S is diffeomorphic to R n , we think of S as (R n , · S ), i.e., R n with a different group structure. Let R n have coordinates (x i ), and let s have an orthonormal basis {E i } in which Ric and D are diagonal (these are simultaneously diagonalizable by (1.5)). We have two bases of s = T e R n , {∂ i } and {E i }, that extend to global frame fields, but only the latter is left-invariant. We wish to express the left-invariant frame field {E i } in terms of the coordinate vector fields, and this can be done with any diffeomorphism F :
As described in Section 5 of [19] , the evolution of the algebraic soliton inner product ·, · 0 under Ricci flow (on the Lie algebra level) is ·, · t = P (t)·, · 0 , where P (t) : s → s is a positive-definite automorphism. Explicitly,
We want to describe the evolution of the Ricci soliton on the Lie group level, so we isolate the non-scaling part of P (t) and take the square root of its inverse:
Now, as ϕ(t) : s → s is an automorphism and S is simply connected, we can integrate it to get a unique automorphism Φ(t) : S → S that generates the soliton vector field. This satisfies dΦ(t)| e = ϕ(t), and the Ricci flow for the left-invariant metric is now g(t) = (−2λt + 1)Φ(t) * g 0 .
With the map F and the expression for ϕ, it is not hard to see that
and differentiating in t gives the soliton vector field:
We still refer to the right hand side of the curvature-normalized Ricci-DeTurck flow (2.3) as Q g0 (g)g.
Lemma 4.7. If we express Q g0 (g)g in terms of the first and second derivatives of g in local coordinates, then (Q g0 (g)g) ij = a g 0 (x), g Proof. Given the computations of Lemma 5.1 in [29] , we only need to determine the contributions to a, b, and c from the term L X0 g. Dropping the 0 subscript on X 0 , it is easy to see that This shows that in the soliton case, Q g0 (g)g is a second-order elliptic operator with unbounded first-order coefficient. We will consider perturbations supported on B R and vanishing on ∂B R for some R > 0 so that the operator has bounded coefficients, and we can apply the maximal regularity theory to deduce dynamical stability from strict linear stability.
Proof of Theorem 1.2. We claim that Lemma 4.4 holds true when g 0 is a Ricci soliton metric. Recall that in the soliton case, the operator L (or L g0 , orL g0 ) is not self-adjoint in any weighted L 2 -space, and so the authors in [11, Section 5] could prove that L generates a C 0 , but not analytic, semigroup, preventing them from establishing the dynamical stability of a soliton fixed point. However, the nonself-adjointness of L is not an issue in this paper since we never use any weighted L 2 -norm when proving Lemma 4.4. One verifies that the Schauder estimates and hence the rest of the proof of Lemma 4.4 go through, and so the claim is proved. Now the rest of the proof of the theorem resembles that for Einstein metrics on compact manifolds, see for example [10] .
For each α ∈ (0, 1), let g 0 ∈ G α be a fixed point of equation (A.1). Suppose that the spectrum of the linearized operator DQ| g0 is contained in the set {z ∈ C : ℜ(z) ≤ −ε} for some constant ε > 0. Then there exist constants ω ∈ (0, ε) and d 0 , C α > 0, C α independent of g 0 , such that for each d ∈ (0, d 0 ], one has g(t) − g 0 X1 ≤ C α t 1−α e −ωt g(0) − g 0 Xα for all solutionsg(t) of equation (A.1) withg(0) ∈ B(X α , g 0 , d), the open ball of radius d centered at g 0 in the space X α , and for all t ≥ 0.
